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PERIODIC SOLUTIONS FOR A FRACTIONAL
ASYMPTOTICALLY LINEAR PROBLEM
VINCENZO AMBROSIO AND GIOVANNI MOLICA BISCI
Abstract. We study the existence and multiplicity of periodic
weak solutions for a non-local equation involving an odd subcriti-
cal nonlinearity which is asymptotically linear at infinity. We in-
vestigate such problem by applying the the pseudo-index theory
developed by Bartolo, Benci and Fortunato [9] after transforming
the problem to a degenerate elliptic problem in a half-cylinder with
a Neumann boundary condition, via a Caffarelli-Silvestre type ex-
tension in periodic setting. The periodic nonlocal case, considered
here, presents, respect to the cases studied in literature, some new
additional difficulties and a careful analysis of the fractional spaces
involved is necessary.
1. Introduction
We consider here the non-local counterpart in periodic setting of the
semilinear problem { −∆u = g(x, u) in Ω
u = 0 on ∂Ω
, (1.1)
where Ω ⊂ RN is a smooth bounded domain and g : Ω × R → R is a
given function asymptotically linear and possibly odd.
We notice that problem (1.1) has been widely studied in the past
years by many authors by using topological and variational methods
(see, among others, [1, 9, 32] and references therein).
In recent years, great attention has been devoted to the study of
elliptic problems involving non-local operators which arise in a quite
natural way in several areas of research; for more details and applica-
tions we refer to [20] and the recent book [26].
However, although in literature there are many papers dealing with
non-local fractional Laplacian equations with superlinear and sublinear
growth [2, 3, 4, 6, 7, 8, 37, 38], only few papers consider asymptotically
linear problems in fractional setting, see, for instance, [12, 13, 15, 22,
27].
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The aim of the present paper is to give a further result in this di-
rection, considering a non-local problem with periodic boundary con-
ditions.
More precisely, we are interested in the existence and multiplicity of
the following problem{
(−∆+m2)su = λ∞u+ f(x, u) in (0, T )N
u(x+ Tei) = u(x) ∀x ∈ RN , i ∈ Z[1, N ] (1.2)
where s ∈ (0, 1), N > 2, m > 0, λ∞ ∈ R , {ei}Ni=1 is the canonical basis
in RN , f : RN × R→ R is a Caratheodory function satisfying suitable
assumptions, and Z[1, N ] := {1, ..., N}.
Moreover, the nonlocal operator (−∆ + m2)s appearing in (1.2) is
defined by setting
(−∆+m2)s u(x) :=
∑
k∈ZN
βk(ω
2|k|2 +m2)s e
ıωk·x
√
TN
,
for any u =
∑
k∈ZN
βk
eıωk·x√
TN
∈ C∞T (RN), where
ω :=
2π
T
and βk :=
1√
TN
∫
(0,T )N
u(x)e−ıωk·xdx (k ∈ ZN )
are the Fourier coefficients of the smooth and T -periodic function u.
This operator can be extended by density for every function that lies
in the Hilbert space
H
s
T :=
{
u =
∑
k∈ZN
βk
eıωk·x√
TN
∈ L2(0, T )N :
∑
k∈ZN
(ω2|k|2 +m2)s |βk|2 < +∞
}
endowed by the norm
|u|Hs
T
:=
(∑
k∈ZN
(ω2|k|2 +m2)s|βk|2
)1/2
.
We also recall the embedding properties ofHsT into the usual Lebesgue
spaces; see Theorems 3 and 4 in Subsection 2.1. The embedding
j : HsT →֒ Lν(0, T )N is continuous for any ν ∈ [1, 2♯s], while it is compact
whenever ν ∈ [1, 2♯s), where 2♯s := 2N/(N − 2s) denotes the fractional
critical Sobolev exponent.
From a physical point of view, the meaning of the fractional operator
(−∆+m2)s is manifest in the case s = 1
2
; in such case, (−∆+m2)1/2−m
is the so-called free Hamiltonian which plays a fundamental role in
relativistic quantum mechanic; see [25].
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Furthermore, (−∆+m2)s−m2s is also related to the Le´vy Processes
theory; the operator in question is an infinitesimal generator of the
relativistic 2s-stable process {Xmt }t>0 with characteristic function given
by
E(eiξ·X
m
t ) := e−t[(m
2+|ξ|2)s−m2s] (ξ ∈ RN );
we refer to [19] and [34].
From now on we will suppose that f : RN+1 → R is a Caratheodory
function satisfying the following assumptions:
(f1) f(x, t) is T -periodic in x ∈ RN , that is f(x + Tei, t) = f(x, t)
for any x ∈ RN (T ∈ R), for every i ∈ Z[1, N ] and
sup
|t|6a
|f(·, t)| ∈ L∞(0, T )N for any a > 0;
(f2) there exist
lim
|t|→∞
f(x, t)
t
= 0 (1.3)
and
lim
t→0
f(x, t)
t
= λ0 ∈ R (1.4)
uniformly with respect to a.e. x ∈ RN .
Let us denote respectively by σ((−∆+m2)s) and by
0 < λ1 < λ2 6 . . . 6 λk 6 . . .
the spectrum and the non–decreasing, diverging sequence of the follow-
ing problem{
(−∆+m2)su = λu in (0, T )N
u(x+ Tei) = u(x) ∀x ∈ RN , i ∈ Z[1, N ]
repeated according to their multiplicity; by using the classical spectral
theory [33, 41], in Subsection 2.2 we recall some features, which are
very closed to the well known ones of −∆, about the spectrum of the
operator (−∆+m2)s.
With the above notation, our first result can be stated as follows
Theorem 1. Let m > 0, s ∈ (0, 1) and N > 2. Suppose that f :
R
N+1 → R is a continuous function satisfying (f1) and (f2). Then,
problem (1.2) has at least a weak solution in HsT , provided that λ∞ /∈
σ((−∆+m2)s).
The main difficulty in our approach is essentially based on the fact
that problem (1.2) is of non-nonlocal type. In addition, it doesn’t seem
to satisfy boundary conditions which would allow a direct application of
variational methods without a certain extension procedure (see Section
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2). Following the work of Caffarelli and Silvestre [18], the fractional
Laplacian operator in the whole space Rn can be defined as a Dirichlet
to a Neumann map:
(−∆)su(x) := −κs lim
y→0+
y1−2s
∂w
∂y
(x, y),
where κs is a suitable constant and w is the s-harmonic extension of
a smooth function u. In other words, w is the function defined on the
upper half-space Rn+1+ := R
n × (0,+∞) which is solution to the local
elliptic problem { − div(y1−2s∇w) = 0 in Rn+1+
w(x, 0) = u(x) in Rn.
In order to define the fractional Laplacian operator in bounded do-
mains, the above procedure has been adapted in [16, 17]. To overcome
the nonlocalicity of the operator (−∆+m2)s in (1.2), we use the type
extension in periodic setting developed in [2, 3].
More precisely, for any u ∈ HsT , there exists a unique v ∈ XsT which
solves

− div(y1−2s∇v) +m2y1−2sv = 0 in ST := (0, T )N × (0,∞)
v|{xi=0} = v|{xi=T} on ∂LST := ∂(0, T )N × [0,∞)
v(x, 0) = u(x) on ∂0ST := (0, T )N × {0}
,
where XsT is the closure of the set of smooth and T -periodic (in x)
functions in RN+1+ with respect to the norm
‖v‖Xs
T
:=
(∫∫
ST
y1−2s(|∇v|2 +m2sv2)dxdy
)1/2
.
Then, the operator (−∆+m2)s is obtained as
− lim
y→0+
y1−2s
∂v
∂y
(x, y) = κs(−∆+m2)su(x)
in weak sense and κs := 2
1−2sΓ(1− s)
Γ(s)
.
Therefore, we exploit this fact, and instead of (1.2), we investigate
the following problem

− div(y1−2s∇v) +m2y1−2sv = 0 in ST
v|{xi=0} = v|{xi=T} on ∂LST
∂1−2sν v = κs[λ∞v + f(x, v)] on ∂
0ST
(1.5)
where
∂1−2sν v(x) := − lim
y→0+
y1−2s
∂v
∂y
(x, y)
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is the conormal exterior derivative of v.
Since (1.5) has a variational structure, its solutions can be found as
critical points of the energy functional J given by
J (v) := 1
2
(
‖v‖2
Xs
T
− λ∞κs|Tr(v)|2L2(0,T )N
)
− κs
∫
∂0ST
F (x,Tr(v)) dx,
defined on the space XsT .
A natural question is whether or not these topological and variational
methods may be adapted to equation (1.2) and to its generalization in
order to extend the classical results known for (1.1) to a non-local
periodic context.
In the first part of the paper we prove that the geometry of the
classical Saddle Point Theorem due to Rabinowitz [32] is respected
by the non-local framework: for this we use a functional analytical
setting that is inspired by (but not equivalent to) the fractional Sobolev
spaces, in order to correctly encode the periodic boundary datum in
the variational formulation. Of course, also the compactness property
required by this abstract theorem is satisfied in the non-local setting,
again thanks to the choice of the functional setting we work in.
In addition, when the nonlinear-term is symmetric, we obtain the
existence of multiple periodic solutions to (1.2). More precisely, we
adapt the pseudo-index theory due to Bartolo, Benci and Fortunato
[9], to prove a multiplicity result for critical points of the even energy
functional J ; see also [10, 11, 12, 13] for related topics.
More precisely, we are able to prove the following result
Theorem 2. Let m > 0, s ∈ (0, 1) and N > 2. Suppose that f :
R
N+1 → R is a continuous function satisfying conditions (f1) and (f2).
Further, let us assume that f(x, ·) is odd for a.e. x ∈ RN and require
that
(Cλ∞) there exist h, k ∈ N, with k > h, such that
λ0 + λ∞ < λh 6 λk < λ∞.
Then, problem (1.2) has at least k − h+ 1 distinct pairs of non-trivial
weak solutions in HsT , provided that λ∞ /∈ σ((−∆+m2)s).
We emphasize that further difficulties arise in the so–called “resonant
case”, that is λ∞ ∈ σ((−∆+m2)s): indeed, the resonance affects both
the compactness property and the geometry of the Euler–Lagrange
functional arising in a suitable variational approach (cf., e.g., [9] and
references therein for the classical elliptic case). We will consider this
interesting case via some further investigations. Finally, we also point
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out that our results should be viewed as a periodic nonlocal version of
Proposition 1.1 and Theorem 1.2 of [13].
For the sake of completeness we point out that fractional nonlocal
equations have by now been widely investigated from many points of
view. Besides [7, 8, 17, 30, 31, 35, 36] we cite [23, 24, 28, 29] and the very
recent paper [40] and references therein for some nice interpretations
of nonlocal physical phenomena.
As far as we know the results presented here are new for periodic
fractional problems. The body of the paper is as follows: in Section 2
we collect some preliminaries related to the functional setting and the
abstract critical point theory that we use to study (1.5): in Section 3
we prove the existence of a weak solution to (1.2), while in the last
Section 4 we give the proof of Theorem 2.
2. Preliminaries
2.1. Functional setting. This section is devoted to the notations
used along the present paper. In order to give the weak formulation of
problem (1.2), we need to work in a special functional space. Indeed,
one of the difficulties in treating problem (1.2) is related to encoding
the periodic boundary condition in the variational formulation. With
this respect the standard fractional Sobolev spaces are not sufficient in
order to study the problem. We overcome this difficulty by working in
a new functional space, whose definition is recalled here. From now on,
we assume s ∈ (0, 1) and N > 2.
Let
R
N+1
+ = {(x, y) ∈ RN+1 : x ∈ RN , y > 0}
be the upper half-space in RN+1.
Let ST := (0, T )N × (0,∞) be the half-cylinder in RN+1+ with basis
∂0ST := (0, T )N × {0} and we denote by ∂LST := ∂(0, T )N × [0,+∞)
the lateral boundary of ST .
With ‖v‖Lr(ST ) we will always denote the norm of v ∈ Lr(ST ) and
with |u|Lr(0,T )N the Lr(0, T )N norm of u ∈ Lr(0, T )N .
Let C∞T (RN) be the space of functions u ∈ C∞(RN) such that u is
T -periodic in each variable, that is
u(x+ Tei) = u(x) for all x ∈ RN , i ∈ Z[1, N ].
We define the fractional Sobolev space HsT as the closure of C∞T (RN)
endowed by the norm
|u|Hs
T
:=
√∑
k∈ZN
(ω2|k|2 +m2)s |βk|2.
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Let us introduce the functional space XsT defined as the completion
of
C∞T (RN+1+ ) :=
{
v ∈ C∞(RN+1+ ) : v(x+ Tei, y) = v(x, y)
for every (x, y) ∈ RN+1+ , i = 1, . . . , N
}
under the H1(ST , y1−2s) norm
‖v‖Xs
T
:=
√∫∫
ST
y1−2s(|∇v|2 +m2v2) dxdy .
We recall that it is possible to define a trace operator between XsT
and HsT (see [2, 3] for details):
Theorem 3. There exists a surjective linear operator Tr : XsT → HsT
such that:
(i) Tr(v) = v|∂0ST for all v ∈ C∞T (RN+1+ ) ∩ XsT ;
(ii) Tr is bounded and
√
κs|Tr(v)|Hs
T
6 ‖v‖Xs
T
, (2.1)
for every v ∈ XsT . In particular, equality holds in (2.1) for some
v ∈ XsT if and only if v weakly solves the following equation
− div(y1−2s∇v) +m2y1−2sv = 0 in ST .
Moreover, we have the following embedding results:
Theorem 4. Let N > 2 and s ∈ (0, 1). Then Tr(XsT ) is continu-
ously embedded in Lq(0, T )N for any 1 6 q 6 2♯s. Moreover, Tr(X
s
T ) is
compactly embedded in Lq(0, T )N for any 1 6 q < 2♯s.
Now, we aim to reformulate the nonlocal problem (1.2) in a local
way. Let g ∈ H−sT , where
H
−s
T :=
{
g =
∑
k∈ZN
gk
eıωk·x√
TN
:
∑
k∈ZN
|gk|2
(ω2|k|2 +m2)s < +∞
}
is the dual of HsT , and consider the following two problems:{
(−∆+m2)su = g in (0, T )N
u(x+ Tei) = u(x) for all x ∈ RN (2.2)
and 

− div(y1−2s∇v) +m2y1−2sv = 0 in ST
v|{xi=0} = v|{xi=T} on ∂LST
∂1−2sν v = κsg(x) on ∂
0ST
. (2.3)
Then we have the following definitions of weak solutions to (2.3) and
(2.2) respectively:
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Definition 1. We say that v ∈ XsT is a weak solution to (2.3) if for
every ϕ ∈ XsT it holds∫∫
ST
y1−2s(∇v∇ϕ+m2vϕ) dxdy = κs〈g,Tr(ϕ)〉.
Here 〈·, ·〉 is the duality pairing between HsT and its dual H−sT .
Definition 2. We say that u ∈ HsT is a weak solution to (2.2) if u =
Tr(v) and v ∈ XsT is a weak solution to (2.3).
Taking into account Theorem 3 and Theorem 4, it is possible to
introduce the notion of extension for a function u ∈ HsT .
More precisely, the next result holds.
Theorem 5. Let u ∈ HsT . Then, there exists a unique v ∈ XsT such
that 

− div(y1−2s∇v) +m2y1−2sv = 0 in ST
v|{xi=0} = v|{xi=T} on ∂LST
v(·, 0) = u on ∂0ST
(2.4)
and
− lim
y→0+
y1−2s
∂v
∂y
(x, y) = κs(−∆+m2)su(x) in H−sT .
We call v ∈ XsT the extension of u ∈ HsT .
In particular, if u =
∑
k∈ZN
βk
eıωk·x√
TN
, then v is given by
v(x, y) =
∑
k∈ZN
βkθk(y)
eıωk·x√
TN
,
where θk(y) := θ(
√
ω2|k|2 +m2y) and θ(y) ∈ H1(R+, y1−2s) solves the
following ODE 
 θ
′′ +
1− 2s
y
θ′ − θ = 0 in R+
θ(0) = 1 and θ(∞) = 0
.
Moreover, v satisfies the properties:
(i) v is smooth for y > 0 and T -periodic in x;
(ii) ‖v‖Xs
T
6 ‖z‖Xs
T
for any z ∈ XsT such that Tr(z) = u;
(iii) ‖v‖Xs
T
=
√
κs|u|Hs
T
.
Now, we are in the position to reformulate the nonlocal problem
(1.2) with periodic boundary conditions, in a local way according the
following definitions.
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Definition 3. We say that v ∈ XsT is a weak solution to (1.5) if∫∫
ST
y1−2s(∇v∇ϕ+m2vϕ) dxdy = κsγ∞
∫
∂0ST
Tr(v)Tr(ϕ)dx
+λκs
∫
∂0ST
f(x,Tr(v))Tr(ϕ)dx,
for every ϕ ∈ XsT .
Finally, we give the notion of weak solution to problem (1.2).
Definition 4. We say that u ∈ HsT is a weak solution to (1.2) if u =
Tr(v) and v ∈ XsT is a weak solution to (1.5).
2.2. On periodic eigenvalue problem in the half-cylinder. The
study of the eigenvalues of a linear operator is a classical topic and
many functional analytic tools of general flavor may be used to deal
with it. The result that we give here is, indeed, more general and more
precise than what we need, strictly speaking, for the proofs of our main
results: nevertheless we believed it was good to have a result stated
in detail also for further reference. Hence, we focus on the following
eigenvalue problem{
(−∆+m2)su = λu in (0, T )N
u(x+ Tei) = u(x) ∀x ∈ RN , i ∈ Z[1, N ] . (2.5)
More precisely, we discuss the weak formulation of (2.5), which con-
sists in the following eigenvalue problem:
Find u ∈ HsT such that u = Tr(v) where v ∈ XsT and∫∫
ST
y1−2s(∇v∇ϕ+m2vϕ) dxdy
= λκs
∫
∂0ST
Tr(v)Tr(ϕ)dx,
for every ϕ ∈ XsT .
In other words, v ∈ XsT is a weak solution of the extended problem

− div(y1−2s∇v) +m2y1−2sv = 0 in ST
v|{xi=0} = v|{xi=T} on ∂LST
− lim
y→0+
y1−2s
∂v
∂y
(x, y) = λκsv on ∂
0ST
. (2.6)
We recall that λ ∈ R is an eigenvalue of (−∆+m2)s provided there
exists a non-trivial weak solution of (2.5).
Following the classical spectral theory [33, 41], the powers of a pos-
itive operator in a bounded domain are defined through the spectral
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decomposition using the powers of the eigenvalues of the original oper-
ator.
Then, we can derive the following result:
Lemma 1. With the above notations the following facts hold:
(i) The operator (−∆ + m2)s has a countable family of eigenval-
ues {λℓ}ℓ∈N which can be written as an increasing sequence of
positive numbers
0 < λ1 < λ2 6 . . . 6 λℓ 6 λℓ+1 6 . . .
Each eigenvalue is repeated a number of times equal to its mul-
tiplicity (which is finite);
(ii) λℓ = µ
s
ℓ for all ℓ ∈ N, where {µℓ}ℓ∈N is the increasing sequence
of eigenvalues of −∆+m2;
(iii) λ1 = m
2s is simple, λℓ = µ
s
ℓ → +∞ as ℓ→ +∞;
(iv) The sequence {uℓ}ℓ∈N of eigenfunctions corresponding to λℓ is
an orthonormal basis of L2(0, T )N and an orthogonal basis of
the Sobolevspace HsT . Let us note that {uℓ, µℓ}ℓ∈N are the eigen-
functions and eigenvalues of −∆+m2 under periodic boundary
conditions;
(v) For any h ∈ N, λℓ has finite multiplicity, and there holds
λℓ = min
u∈Pℓ\{0}
|u|2
Hs
T
|u|2
L2(0,T )N
(Rayleigh’s principle)
where
Pℓ := {u ∈ HsT : 〈u, uj〉HsT = 0, for j = 1, . . . , ℓ− 1}.
Proof. It is enough to prove that (−∆+m2)−s : L2(0, T )N → L2(0, T )N
is a self-adjoint, positive and compact operator.
Firstly we observe that if u =
∑
k∈ZN cke
ıωk·x and v =
∑
k∈ZN dke
ıωk·x
belong to L2(0, T )N , then
〈(−∆+m2)−su, v〉L2(0,T )N =
∑
k∈ZN
ck
(ω2|k|2 +m2)s d¯k
=
∑
k∈ZN
ck
d¯k
(ω2|k|2 +m2)s
= 〈u, (−∆+m2)−sv〉L2(0,T )N
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that is (−∆+m2)−s is self-adjoint.
Clearly, for u =
∑
k∈ZN cke
ıωk·x ∈ L2(0, T )N we have
〈(−∆+m2)−su, u〉L2(0,T )N =
∑
k∈ZN
|ck|2
(ω2|k|2 +m2)s > 0
and 〈(−∆+m2)−su, u〉L2(0,T )N > 0 if u 6= 0.
Finally, we show that (−∆ + m2)−s is compact. Let {vj}j∈N be
a bounded sequence in L2(0, T )N and let us denote by {djk}k∈ZN its
Fourier coefficients.. Since L2(0, T )N ⊂ H−sT , it is clear that {vj}j∈N is
bounded in H−sT . Let us denote by uj = (−∆+m2)−svj.
Then
|uj|2Hs
T
=
∑
k∈ZN
(ω2|k|2 +m2)s |d
j
k|2
(ω2|k|2 +m2)2s = |vj|
2
H
−s
T
,
that is {uj}j∈N is a bounded sequence in HsT . By using the compactness
of HsT into L
2(0, T )N , we deduce that {uj}j∈N admits a convergent
subsequence in L2(0, T )N . As a consequence (−∆ +m2)−svj strongly
converges in L2(0, T )N . 
Now, we aim to find some useful relation between the eigenvalues
{λj}j∈N of (−∆ + m2)s and the corresponding extended eigenvalue
problem in the half-cylinder ST ,

− div(y1−2s∇v) +m2y1−2sv = 0 in ST
v|{xi=0} = v|{xi=T} on ∂LST
∂1−2sν v = λjκsv on ∂
0ST
. (2.7)
Let us introduce the following notations. Set
Vh := Span{v1, . . . , vh}, (2.8)
where every vj solves (2.7). Clearly Tr(vj) = uj for all j ∈ N, where
{uj}j∈N is the basis of eigenfunctions in HsT , defined in Lemma 1. For
any h ∈ N we define
V
⊥
h := {v ∈ XsT : 〈v, vj〉XsT = 0, for j = 1, . . . , h}. (2.9)
Since vj solves (2.7), then we deduce that
V
⊥
h = {v ∈ XsT : 〈Tr(v),Tr(vj)〉L2(0,T )N = 0, for j = 1, . . . , h}.
Then XsT = Vh
⊕
V
⊥
h . Let us point out that the trace operator is
bijective on E := {v ∈ XsT : v solves (2.4)}.
Indeed, if v˜1 and v˜2 are the extension of u˜1, u˜2 ∈ HsT respectively,
then
〈v˜i, ϕ〉Xs
T
= ks〈u˜i,Tr(ϕ)〉Hs
T
∀ϕ ∈ XsT , i = 1, 2. (2.10)
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If u˜1 = Tr(v˜1) = Tr(v˜2) = u˜2, from (2.10) follows that
〈v˜1 − v˜2, ϕ〉Xs
T
= 0 ∀ϕ ∈ XsT ,
so we deduce that v˜1 = v˜2, that is Tr is injective on E.
From this and the linearity of the trace operator Tr, we have
dimVh = dimSpan{Tr(v1), · · · ,Tr(vh)} = h.
Now we prove that ‖ · ‖Xs
T
and | · |2 are equivalent norms on the finite
dimensional space Vh.
More precisely, for any v ∈ Vh, it results
κsm
2s|Tr(v)|22 6 ‖v‖2Xs 6 κsλh|Tr(v)|22. (2.11)
Firstly we note that {vj}j∈N is an orthogonal system in XsT , since
{Tr(vj)}j∈N is an orthonormal system in L2(0, T )N , and vj satisfies
〈z, vj〉Xs
T
= κsλj〈Tr(z),Tr(vj)〉L2(0,T )N for all z ∈ Xs, j ∈ N.
Then, by using the fact that {λj}j∈N is an increasing sequence (see
(i) of Lemma 1), and by trace inequality (2.1), for v =
∑h
j=1 αjvj ∈ Vh
we have
κsm
2s|Tr(v)|22 6 ‖v‖2Xs =
h∑
j=1
α2j‖vj‖2Xs
= κs
h∑
j=1
λjα
2
j |Tr(vj)|22 6 κsλh
h∑
j=1
α2j |Tr(vj)|22
= κsλh|Tr(v)|22.
Finally we prove that for any v ∈ V⊥h the following inequality holds
λh+1|Tr(v)|22 6
1
κs
‖v‖2
Xs
T
.
Fix v ∈ V⊥h . Then Tr(v) ∈ Ph+1. Indeed Tr(vj) = uj is a weak solution
to (−∆+m2)su = λju and by using the fact that
〈Tr(v),Tr(vj)〉L2(0,T )N = 0 for every j = 1, . . . , h,
we can infer that 〈Tr(v),Tr(vj)〉Hs
T
= 0, for every j = 1, . . . , h.
As a consequence, by using the variational characterization (v) of
Lemma 1 and the trace inequality (2.1), we get
λh+1|Tr(v)|22 6 |Tr(v)|2Hs
T
6
1
κs
‖v‖2
Xs
T
. (2.12)
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2.3. An abstract critical point theorem. Since (1.5) has a varia-
tional structure, in this section we provide the main classical tools that
we use for its study.
Let us denote by (E, ‖ · ‖E) a Banach space, (E ′, ‖ · ‖E′) its dual,
Φ a C1 functional on E, Φb := {e ∈ E : Φ(e) 6 b} the sublevel of Φ
corresponding to b ∈ R¯ := R ∪ {±∞} and by
Kc := {e ∈ E : Φ(e) = c, dΦ(e) = 0}
the set of the critical points of Φ in E at the critical level c ∈ R.
The functional Φ satisfies the Palais–Smale condition, briefly (PS),
at level c (c ∈ R), if any sequence {uj}j∈N ⊆ E such that
lim
j→+∞
Φ(uj) = c and lim
j→+∞
‖dΦ(uj)‖E′ = 0 (2.13)
converges in E, up to subsequences. In general, if −∞ 6 a < b 6 +∞,
Φ satisfies (PS) in (a, b) if so is at each level c ∈ (a, b).
As usual, the classical Ambrosetti-Rabinowitz condition plays a cru-
cial role in proving that every Palais-Smale sequence is bounded, as
well as the so called mountain-pass geometry is satisfied. However,
even dealing with different problems than ours, several authors stud-
ied different assumptions that still allow to apply min-max procedure
in order to assure the existence of critical points. For asymptotically
linear problems we show a result that moves along this direction.
Let us recall some basic notions of the index theory for an even
functional with symmetry group Z2 = {id,−id}. Let us set
Σ := {A ⊆ E : A closed and symmetric w.r.t. the origin,
i.e. −e ∈ A if e ∈ A}
and
H := {h ∈ C(E,E) : h odd}.
For A ∈ Σ, A 6= ∅, the genus of A is
γ(A) := inf{m ∈ N : ∃ψ ∈ C(A,Rm\{0}) s.t. ψ(−e) = −ψ(e), ∀e ∈ A}
if such an infimum exists, otherwise γ(A) = +∞. Assume γ(∅) = 0.
The index theory (Σ,H, γ) related to Z2 is also called genus (we refer
for more details to [39, Section II.5]).
The pseudo–index related to the genus and S ∈ Σ is the triplet
(S,H∗, γ∗) such that H∗ is a group of odd homeomorphisms and γ∗ :
Σ −→ N ∪ {+∞} is the map defined by
γ∗(A) := min
h∈H∗
γ(h(A) ∩ S), ∀A ∈ Σ
(cf. [14] for more details).
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The proof of our main multiplicity result, Theorem 2, is based on
the following abstract result proved in [9, Theorem 2.9].
Theorem 6. Let a, b, c0, c∞ ∈ R¯, −∞ 6 a < c0 < c∞ < b 6 +∞, Φ be
an even functional, (Σ,H, γ) the genus theory on E, S ∈ Σ, (S,H∗, γ∗)
the pseudo-index theory related to the genus and S, with
H∗ := {h ∈ H : h bounded homeomorphism
such that h(e) = e if e 6∈ Φ−1((a, b))}.
Assume that:
(i) the functional Φ satisfies (PS) in (a, b);
(ii) S ⊆ Φ−1([c0,+∞));
(iii) there exist k˜ ∈ N and A˜ ∈ Σ such that A˜ ⊆ Φc∞ and γ∗(A˜) > k˜.
Then, setting Σ∗i := {A ∈ Σ : γ∗(A) > i}, the numbers
ci := inf
A∈Σ∗
i
sup
e∈A
Φ(e), ∀ i ∈ {1, . . . , k˜}, (2.14)
are critical values for Φ and
c0 6 c1 6 . . . 6 ck˜ 6 c∞.
Furthermore, if c = ci = . . . = ci+r, with i > 1 and i + r 6 k˜, then
γ(Kc) > r + 1.
Remark 1. If Φ ∈ C1(E,R) and E is a Hilbert space, by Riesz theorem
there exists a unique Φ′(u) ∈ E such that
〈Φ′(u), v〉 = dΦ(u)[v] ∀v ∈ E.
Φ′(u) is called the gradient of Φ in u. With this notation, a critical
point of Φ is a solution to Φ′(u) = 0.
Remark 2. In the applications, a lower bound for the pseudo–index of
a suitable A˜ as in (iii) of Theorem 6 is needed: considering the genus
theory (Σ,H, γ) on E and V,W two closed subspaces of E, if
dim V < +∞ and codimW < +∞,
then
γ(V ∩ h(∂B ∩W )) > dimV − codimW
for every bounded h ∈ H and every open bounded symmetric neigh-
bourhood B of 0 in E (cf. [9, Theorem A.2]).
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3. periodic solutions via saddle point theorem
In order to obtain weak solutions of problem (1.5), we study the
critical points of the following functional
J (v) := 1
2
‖v‖2
Xs
T
− λ∞κs
2
|Tr(v)|2L2(0,T )Ndx− κs
∫
∂0ST
F (x,Tr(v))dx,
(3.1)
defined on the Hilbert space XsT and where, as usual, we set
F (x, t) :=
∫ t
0
f(x, τ)dτ.
Now, we prove that the functional J is smooth and it has the geomet-
ric structure required by the Saddle Point Theorem (see, for instance,
[32, Theorem 4.6]).
Here, we use the structural assumptions on f to deduce some bounds
from above and below for the nonlinear term and its primitive. This
part is quite standard and does not take into account the nonlocal
features of the problem.
By the growth condition (f1) and (1.3) for all ε > 0 there exists
aε > 0 such that
|f(x, t)| 6 ε|t|+ aε, for a.e. x ∈ (0, T )N , ∀ t ∈ R. (3.2)
so, in particular, we deduce that
|F (x, t)| 6 c1(1 + t2), for a.e. x ∈ (0, T )N , ∀ t ∈ R. (3.3)
Then, by using Theorem 4, it follows that the functional J is well-
defined and J ∈ C1(XsT ,R). In particular, its gradient is given by
〈J ′(v), ϕ〉 =
∫∫
ST
y1−2s(∇v∇ϕ+m2vϕ)dxdy
− λ∞κs
∫
∂0ST
Tr(v)Tr(ϕ)dx− κs
∫
∂0ST
f(x,Tr(v))Tr(ϕ)dx,
(3.4)
for every ϕ ∈ XsT .
Therefore, in order to apply critical point methods, we have to check
the validity of the Palais-Smale condition, that is
for any c ∈ R any sequence {vj}j∈N in XsT such that
J (vj)→ c and sup
{∣∣〈 J ′(vj), ϕ 〉∣∣ : ϕ ∈ XsT , ‖ϕ‖XsT = 1}→ 0
as j → +∞, admits a subsequence strongly convergent in XsT .
Hence, in the next proposition we prove that in the non-resonant
case the functional J satisfies the (PS) condition.
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Proposition 1. Assume that (f1) and (1.3) of (f2) hold. Then, if
λ∞ 6∈ σ((−∆+m2)s), the functional J verifies the (PS) in R.
Proof. Let c ∈ R and {vj}j∈N be a sequence in XsT such that
J (vj)→ c and ‖J ′(vj)‖X−s
T
→ 0 as j →∞, (3.5)
where X−sT is the dual space of X
s
T . Hence, it follows that
〈vj, ϕ〉Xs
T
− λ∞κs
∫
∂0ST
Tr(vj)Tr(ϕ)dx
− κs
∫
∂0ST
f(x,Tr(vj))Tr(ϕ)dx = o(1)
(3.6)
for all ϕ ∈ XsT , where o(1) denotes an infinitesimal sequence.
First of all, as usual when using variational methods, we prove the
boundedness of a Palais-Smale sequence for J . Hence, we prove that
{vj}j∈N is bounded in XsT . Let us assume by contradiction that
‖vj‖Xs
T
→ +∞ as j → +∞. (3.7)
By setting wj :=
vj
‖vj‖Xs
T
, it is clear that {wj}j∈N is bounded in
X
s
T and by using Theorem 3, there exists w ∈ XsT such that, up to
subsequences, it results
wj ⇀ w weakly in X
s
T
Tr(wj)→ Tr(w) strongly in L2(0, T )N .
(3.8)
Now, by using (3.4) with ϕ := wj − w and dividing by ‖vj‖Xs
T
, we
have
〈wj, wj − w〉Xs
T
= λ∞κs
∫
∂0ST
Tr(wj)(Tr(wj)− Tr(w)) dx
− κs
∫
∂0ST
f(x,Tr(vj))
‖vj‖Xs
T
(Tr(wj)− Tr(w)) dx+ o(1).
(3.9)
Moreover, by (3.8) we easily have∣∣∣∣
∫
∂0ST
Tr(wj)(Tr(wj)− Tr(w))dx
∣∣∣∣ 6 |Tr(wj)|2|Tr(wj)−Tr(w)|2 = o(1).
(3.10)
Now, relations (3.2), (3.7), and (3.8) yield
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∣∣∣∣
∫
∂0ST
f(x,Tr(vj))
‖vj‖Xs
T
(Tr(wj)− Tr(w))dx
∣∣∣∣ 6 ε |Tr(wj)|2|Tr(wj)− Tr(w)|2‖vj‖Xs
T
+
aε|Tr(wj)− Tr(w)|1
‖vj‖Xs
T
= o(1) (3.11)
Putting together (3.9), (3.10) and (3.11) we get
〈wj, wj − w〉Xs
T
= o(1).
Hence, in particular, we also have
wj → w strongly in XsT , (3.12)
and, by the definition of wj, w 6= 0.
Now, dividing (3.6) by ‖vj‖Xs
T
we have
〈wj, ϕ〉Xs
T
= λ∞κs
∫
∂0ST
Tr(wj) Tr(ϕ)dx
− κs
∫
∂0ST
f(x,Tr(vj))
‖vj‖Xs
T
Tr(ϕ)dx+ o(1).
(3.13)
Let us observe that (3.2), (3.7) and (3.8) give
lim
j→+∞
∫
∂0ST
f(x,Tr(vj))
‖vj‖Xs
T
Tr(ϕ)dx = 0, ∀ϕ ∈ XsT . (3.14)
Then, by using (3.12) and (3.14), and passing to the limit in (3.13)
as j → +∞, we get
〈w, ϕ〉Xs
T
= λ∞κs
∫
∂0ST
Tr(w) Tr(ϕ)dx, ∀ϕ ∈ XsT ,
that is u := Tr(w) is a weak solution of the following non-local problem{
(−∆+m2)su = λu in (0, T )N
u(x+ Tei) = u(x) ∀x ∈ RN , i ∈ Z[1, N ]
which gives a contradiction because of λ∞ /∈ σ((−∆+m2)s). Thus we
have proved that {‖vj‖Xs
T
}j∈N is bounded.
Now it remains to check the validity of the Palais-Smale condition,
that is we have to show that every Palais-Smale sequence for J strongly
converges in XsT , up to a subsequence.
Then, up to subsequence, there exists v ∈ XsT such that
vj ⇀ v weakly in X
s
T
Tr(vj)→ Tr(v) strongly in L2(0, T )N .
(3.15)
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By (3.5) and (3.15) one has
〈J ′(vj), vj − v〉 → 0, as j → +∞ (3.16)
and, by (3.2), we also have∫
∂0ST
|f(x,Tr(vj))||Tr(vj)− Tr(v)| dx→ 0, as j → +∞. (3.17)
Hence, by (3.4) and (3.16), it follows that
‖vj‖2Xs
T
− 〈vj, v〉Xs
T
→ 0 (3.18)
as j → +∞. Then, by (3.15) and (3.18), one has
vj → v strongly in XsT .
The proof is now complete. 
Taking into account that the (PS) compactness condition is satisfied,
we can prove our first existence result.
Proof of Theorem 1. We aim to apply the Saddle Point Theorem due
to Rabinowitz [32, Theorem 4.6]. Putting together (2.12), (3.3), and
trace inequality, we have
J (v) > 1
2
(
1− λ∞
λh+1
− c1
λh+1
)
‖v‖2
Xs
T
− κsc1TN , (3.19)
for every v ∈ V⊥h .
Then we get
J (v) > c2, ∀ v ∈ V⊥h , (3.20)
provided that h large enough.
Now, by (3.2), we can see that fixed ε > 0, we can find Cε > 0 such
that
J (v) 6 1
2
‖v‖2
Xs
T
− κsλ∞
2
|Tr(v)|22
+ κs
ε
2
|Tr(v)|22 + κsCε|Tr(v)|2,
(3.21)
for every v ∈ XsT .
Let λh < λ∞ and take ε > 0 such that λh + ε < λ∞.
Putting together (3.21) and (2.11), we obtain for any v ∈ Vh
J (v) 6 κs
2
(λh + ε− λ∞) |Tr(v)|22
+ κsCε|Tr(v)|2.
(3.22)
By using (2.11), we can see that for v ∈ Vh, |Tr(v)|2 → +∞ when
‖v‖Xs
T
→ +∞, so (3.22) implies that J (v) → −∞ as ‖v‖Xs
T
→ +∞
and v ∈ Vh.
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Therefore we can find a positive constant c5 such that
J (v) 6 −c3, ∀ v ∈ Vh. (3.23)
Hence, the thesis follows by Proposition 1, (3.20) and (3.23).
Finally, if λ∞ < λ1, we can prove the existence of a weak solution
for our problem by using direct minimization techniques. 
4. proof of Theorem 2
This section is devoted to establish a multiplicity result for (1.2).
Under our conditions on the nonlinear term f , one can obtain not only
existence critical point theorems, but also sharper multiplicity results
when the functionals are symmetric. In [10, 11, 12, 13], multiplicity
results for critical points of even functionals are stated, and their proofs
are based on the use of a pseudo-index theory; see, for instance, [9, 14]
as general references on this topics.
Following this approach, we begin proving the following lemmas
proving the necessary geometric features of the energy functional J .
Lemma 2. Assume that conditions (f1) and (f2) hold. Let λh be as
in (Cλ∞) and V
⊥
h−1 as defined in (2.9). Then, there exist two positive
constants ρ and c0 such that, setting
Sρ := {v ∈ XsT : ‖v‖XsT = ρ},
the functional J in (3.1) verifies
J (v) > c0, ∀ v ∈ Sρ ∩ V⊥h−1. (4.1)
Proof. By using (f2) we know that
lim
|t|→+∞
F (x, t)
t2
= 0
and
lim
t→0
F (x, t)
t2
=
λ0
2
,
uniformly with respect to almost every x ∈ (0, T )N . Moreover, λ0 < 0
in view of condition (Cλ∞).
Then, for every ε > 0 there exist rε(> 1) and δε > 0 such that
|F (x, t)| 6 ε
2
t2, if |t| > rε (4.2)
and ∣∣∣∣F (x, t)− λ02 t2
∣∣∣∣ 6 ε2t2, if |t| < δε (4.3)
and for almost every x ∈ (0, T )N .
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On the other hand, by (f1), taking any constant
q ∈
[
0,
4s
N − 2s
)
,
there exists krε > 0 such that
|F (x, t)| 6 krε|t|q+2, if δε 6 |t| 6 rε, (4.4)
and for almost every x ∈ (0, T )N .
Putting together (4.2)–(4.4), we can deduce that for any ε > 0 there
exists kε > 0 such that
F (x, t) 6
λ0 + ε
2
t2 + kε|t|q+2,
for almost every x ∈ (0, T )N and for all t ∈ R.
As a consequence∫
∂0ST
F (x,Tr(v)) dx 6
λ0 + ε
2
|Tr(v)|22 + kε|Tr(v)|q+2q+2,
for every v ∈ XsT .
From this and by using Theorem 4, for a suitable k′ε > 0 we can see
that
J (v) > 1
2
‖v‖2
Xs
T
− κs(λ∞ + λ0 + ε)
2
|Tr(v)|22 − k′ε‖v‖q+2Xs
T
, (4.5)
for every v ∈ XsT .
Then, by (2.12) and (4.5), it follows that
J (v) > 1
2
(
1− λ∞ + λ0 + ε
λh
)
‖v‖2
Xs
T
− k′ε‖v‖q+2Xs
T
,
for every v ∈ V⊥h−1.
Hence, by (Cλ∞), for a suitable ε, there exists k
′′
ε > 0 such that
J (v) > k′′ε‖v‖2Xs
T
− k′ε‖v‖q+2Xs
T
,
for every v ∈ V⊥h−1.
Thus we can find ρ sufficiently small and c0 > 0 such that inequality
(4.1) holds. 
Lemma 3. Assume that (f1) and (1.3) hold. Let λk as in (Cλ∞), Vk
as in (2.8) and c0 as in Lemma 2. Then, there exists c∞ > c0 such that
the functional J in (3.1) verifies
J (v) 6 c∞, ∀ v ∈ Vk. (4.6)
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Proof. By (3.21), taking λk as in (Cλ∞) and ε > 0 such that λk+ε < λ∞,
it results that
J (v) 6 κs
2
(λk + ε− λ∞) |Tr(v)|22 + κsCε|Tr(v)|2,
for every v ∈ Vk.
Then, in view of (2.11), there exists c∞ = c∞(ε) (with c∞ > c0),
such that inequality (4.6) holds. 
We conclude this section giving the proof of Theorem 2.
Proof of Theorem 2. The idea of the proof consists in applying [9, The-
orem 2.9] (recalled in Subsection 2.3) to the functional J defined on
the Hilbert space XsT .
By Proposition 1, follows that J is an even functional satisfying (PS)
in R. Let us consider λh, V
⊥
h−1, ρ, c0 as in Lemma 2 and λk,Vk, c∞ as
in Lemma 3.
Then we consider the pseudo–index theory (Sρ∩V⊥h−1,H∗, γ∗) related
to the genus, Sρ ∩ V⊥h−1 and J .
In view of Remark 2, taking V := Vk, ∂B := Sρ and W := V
⊥
h−1, we
get
γ
(
Vk ∩ h
(
Sρ ∩ V⊥h−1
))
> dimVk − codim V⊥h−1, ∀h ∈ H∗,
which implies
γ∗(Vk) > k − h + 1.
Then we can apply Theorem 6 with A˜ := Vk and S := Sρ ∩ V⊥h−1 to
deduce that J has at least k − h + 1 distinct pairs of critical points
corresponding to at most k − h+ 1 distinct critical values ci, where ci
is as in (2.14).
Then, if Z denotes the set of k−h+1 distinct pairs of critical points of
J obtained applying Theorem 6, the set Tr(Z) contains k−h+1 distinct
pairs of weak solutions of problem (1.2). The proof is complete. 
Remark 3. We point out that, combining the proof of our main results
and those of [11, Theorem 3.1], Theorem 2 holds if we require that
λ∞ < λh 6 λk < λ0 + λ∞,
instead of condition (Cλ∞).
As a matter of fact, we plan to consider further applications of our ab-
stract framework for fractional equations involving a suitable resonant
term in a forthcoming paper.
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